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Abstract. The identification of quantum states separability remains a
fundamental challenge in quantum information science [1,2]. It is cate-
gorized as an NP-hard problem for dimensions exceeding 2 x 3, in which
standard analytical tools like the Positive Partial Transpose (PPT) cri-
terion are insufficient for detecting bound entangled states. This paper
synthesizes our research on Quantum Support Vector Machines (QSVMs)
employing both amplitude encoding [11] and Pauli feature map ker-
nels [12]. We demonstrate that these models can effectively resolve com-
plex state boundaries in 3 x 3, 4 x4, and 5 x 5 systems, showing promising
performance compared with classical kernel baselines.
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1 Introduction

Entanglement stands as one of the most profound and counterintuitive features
of quantum mechanics, fundamentally distinguishing it from classical theories.
It was considered by Schriodinger as the characteristic trait of quantum systems
that enforces a departure from classical lines of thought [1]. Despite its pivotal
role, the theoretical and practical characterization of entanglement remains an
ongoing challenge [2].

Different Machine Learning (ML) approaches, notably Artificial Neural Net-
works [10], have been proposed for this task. More recently, Quantum Machine
Learning (QML) tackles higher-dimensional spaces using models like Quantum
Support Vector Machines (QSVMs). By replacing classical feature maps with
quantum state encodings, QSVMs explore high-dimensional geometries that are
potentially inaccessible to efficient classical computation.

This paper introduces the Quantum Separability Problem and reviews our
group’s work on QSVMs considering quantum-inspired kernels which are easy
to simulate classically [11] and quantum kernels that are hard to simulate [12].

2 The Separability Problem

The state space of a quantum system is described by a complex Hilbert space H
of dimension d. Quantum states can be classified as pure or mixed states [3,4]. In



this work, we focus on mixed states described by density operators p € B(H)?,
which are linear, positive semi-definite operators with unit trace (Tr[p] = 1).
For a quantum system composed of two subsystems A and B (bipartite), the
Hilbert space can be decomposed as H = H4 ® Hp. A bipartite mixed state p
is separable if it can be decomposed as a convex combination of product states:

p= apas ®pry 620, D=L 0
J i

with pa; € B(HA) and pp; € B(Hg) Vj. If no such decomposition exists, the
state is entangled [2].

Determining if a state is separable is generally NP-hard for dimensions larger
than 2 x 3 [5]. A standard tool for entanglement detection is the Peres-Horodecki
Criterion [6,7], which is based on the Positive Partial Transpose (PPT) condition:
a state p € B(Ha4 ® Hp) has a Positive Partial Transpose (PPT) if its partial
transpose is positive: p’® > 0. The Peres-Horodecki Theorem states that for
dimensions 2 x 2 and 2 x 3, PPT is necessary and sufficient for separability. For
higher dimensions (e.g., 3 x 3), PPT is necessary but not sufficient.

For the formulation of the quantum separability problem, we thus consider
two different classes of mixed bipartite states (entangled and separable), and
two subclasses of states for the entangled class (PPT Entangled and NPPT
Entangled).

These categories are defined as: Separable states, which satisfy both Eq. (1)
and the PPT condition; PPT Entangled states, which are entangled yet satisfy
PPT; and NPPT Entangled states, which are entangled and violate PPT.

3 Quantum Support Vector Machines (QSVM)

QSVMs extend classical SVMs by using quantum circuits as feature maps to
compute similarity measures in high-dimensional Hilbert spaces [8].

Data Preparation Bipartite mixed states for 3 x 3, 4 x 4, and 5 X 5 sys-
tems were generated across three categories: (i) Separable states, constructed
as product state convex combinations p = ) gjpa; ® pp;; (i) NPPT En-
tangled states, generated by random sampling and filtered by PPT violation;
and (iii) PPT Entangled states, identified via a Frank-Wolfe algorithm vari-
ant that retains PPT states exceeding a 0.01 distance threshold to their nearest
separable approximation.

Dataset Partitioning: To target the complex separable-PPT boundary,
the 2,000-sample training set uses only balanced separable and PPT entangled
states (50% each). The test set evaluates all three categories equally. Test mis-
classifications show no NPPT concentration, confirming that training without
NPPT states avoids bias against them.

Scaling: PCA compresses d = 81 vectors to 32-64 components (3 x 3 sys-
tems), enabling efficient quantum encoding while preserving entanglement traits.

® B(H) is the space of bounded operators acting on H.



Accuracy vs PCA Level (Selected Pauli Maps)
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Fig. 1: Comparison of performance for different kernel settings. Time is measured
in ms and includes both kernel generation and SVM training.

3.1 Amplitude Embedding Kernel No1
Amplitude encoding maps a classical vector z into |¢,) = m Yoico Tili), yield-
ing the kernel K (z,y) = [(¢4|1,)]?. This corresponds to a normalized homoge-
neous polynomial kernel of degree two.

3.2 Pauli Feature Map Kernel
To leverage classically hard-to-simulate quantum circuits, we employ Pauli fea-

ture maps [9] Uy(z) = exp(i Yosci,.ny @s(@) ILes P;), with Pauli strings
P; € {X;,Y;,Z;} and data coefficients ¢g(x). The resulting kernel Ky(z,y) =
}<O®" |U:{)(x)U¢ (y)]0®™) |2 measures quantum state overlap across tested ZZ, ZRZ,
and ZXX architectures [12].

4 Experiments and conclusions
We performed experiments involving 3 x 3, 4 x 4, and 5 x 5 systems. This section
summarizes some of the most relevant results and main takeaways from [11,12].

Amplitude embedding kernel. Amplitude embedding kernels reached accu-
racies of up to 80% for 3 x 3, 90% for 4 x 4, and nearly 100% for 5x 5 systems. The
use of Principal Component Analysis (PCA) was revealed essential for bridging
high-dimensional data with limited qubits. For 3 x 3 systems, 64 components
provided the best results among tested configurations in this case [11].

Pauli feature map kernel. In [12] we performed a targeted study on 3 x 3
systems comparing amplitude encoding with Pauli feature maps. Figure 1 shows
some of the results of this comparison.

At PCA=8, the Pauli-ZZ kernel achieves 78% accuracy versus 57% for am-
plitude encoding, demonstrating greater resistance to information loss during di-
mensionality reduction. Overall, Pauli-ZZ and ZRZ kernels require significantly
fewer features (8 vs. 32) for comparable accuracy due to superior expressivity in



low-dimensional spaces. Although classically expensive to simulate, Pauli feature
maps remain promising candidates for quantum hardware speedups. Ultimately,
these findings reveal a trade-off between classical simulability and quantum ex-
pressivity: amplitude encoding is effective for high-dimensional (5 x 5) systems
with scaled PCA, while Pauli feature maps dominate low-dimensional regimes.
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