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Abstract. Discrete fuzzy numbers are a useful representation of linguis-
tic information, but recent constructions based on total orders require
repeated evaluations of the position map and its inverse. A direct imple-
mentation enumerates or sorts the whole ordered set, whose size grows
combinatorially with the number of membership levels. This ongoing
research develops exact ranking and unranking algorithms for discrete
fuzzy numbers on a finite chain. The approach exploits nested a-cuts
and closed-form combinatorial counts while avoiding exhaustive enumer-
ation. The resulting procedures compute pos and pos™! in O(n?m logn)
time with constant extra memory. Preliminary experiments confirm the
expected linear scaling in the number of membership values for fixed n.
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1 DMotivation

Discrete fuzzy numbers (DFNs) are widely used in computing-with-words and
decision-making models because they combine finite linguistic chains with grad-
ual membership information [1-3].

Let Df"ﬁy’” denote the finite family of dfns with support in a closed subin-
terval of L, = {0,1,...,n} and membership values in Y,,, = {0 = y; < 42 <
-+ < ym = 1}. Its cardinality is [1]

2m — 2
|D1Ln—>Ym| _ n+2m ) (1)
2m — 2

A total order on intervals can be extended to a total order j?i on Dy Ym,
yielding a finite chain of cardinality |DX»~¥=| This enables the definition of



aggregation and implication functions on DFNs by transporting operators from
Ly =10,...,k}, where k = |D1L"_>Y’”\ —1[4,5,1], through the position map

pos : DI Ym Ly, pos(A) = |{X e Dl Ym | X j?i A}| -1,

an order isomorphism between (DF»—¥m, j?ﬂ and (Lg, <) [1].

However, the computation of pos(A) suggests a brute-force approach requir-
ing the generation, sorting, and search of all DFNs, which quickly becomes in-
feasible as m grows. The aim of this work is to compute the ranking pos(A) and
unranking pos~!(i) exactly, without materialising the complete ordered space.

2 Explicit pseudocode for ranking and unranking

Let Z(L,) be the set of closed intervals [a,b] C L,, ordered by a fixed total
order < defined on this set. Since |Z(L,)| = (n + 1)(n + 2)/2, every a-cut of
A € DF» 7Y™ can be treated as an element of a finite interval chain. The a-cut
notation and its reconstruction role are detailed in [1]. The following algorithms
consider all levels of each DFN, beginning at y,,, = 1 and going down to y; =0,
using the nesting property of a-cuts.

For an interval [a, b] occupying the j-th position in Z(L,,), let SDFN(a, b, j)
denote the set of generalized DFNs whose maximum membership value is y;
exactly on [a, b], while the remaining values belong to {y1,...,y;}. The consid-
eration of these sets is a key idea in our algorithms. Their cardinality [1] is given

by
N (ati=2\(n-b+j—2
| SDFN(a,b,7)| = ( j—2 >( Jj—2 > )

The formula separates the choices to the left and right of the core interval: the
left branch is nondecreasing and the right branch is nonincreasing. Hence, the
number of DFNs below a candidate a-cut can be computed by summing products
of binomial coefficients instead of enumerating objects.

Based on the previous considerations, the two procedures below are written
explicitly as pseudocode blocks, following the ranking—unranking construction
of [1]. Both use the same ordered block decomposition of D1L"_>Ym. Unranking
locates the residual index within the first compatible block whose cumulative
size reaches its one-based residual rank, while ranking accumulates the sizes of
all compatible blocks preceding the observed a-cut.

Algorithm 1. Unranking algorithm for pos™!(i).
Input: index i € {0, ..., |D1L"HY’"| — 1}; ordered intervals Iy < -+ < Ijz(p,)|-
Output: the DFN A such that pos(A) = i.
r i+ 1; AYm+l < 0; kpy1 < |Z(Ly)|-
for j=m,m—1,...,1do
Cj + {Io | A%+ C Iy, £ < kjya}
write C; = {19 < ... < zg;?}, with I = [ap, bs].
find the least g such that > ] _, | SDFN(ap, bn,j)| > 7.
AYI I(S”; kj < q.
T — Zh<q | SDFN(&;“ bh-,j)"
end for
return reconstruct(AY1, ..., AYm).

R Gl ol




Algorithm 2. Ranking algorithm for pos(A).
Input: a DFN A € DIn=Ym, ordered intervals I < --- < Liz(Lp)|-
Output: the index i = pos(A).

1. 7« 0; compute the a-cuts AYJ, j =1,...,m.
2. AYm+1 ().

3. for j=m,m—1,...,1do

4. Cj(*{[@‘ij‘*’l C I, Ingyj}.

5. for each I, = [ay,be] € C; \ {AY7} do
6. r < r + | SDFN(ag, be, 5)|.

7. end for

8. end for

9. return r.

The block sizes used in both algorithms are exactly the values in Eq. (2).
In Algorithm 2 the set C; includes the observed cut A%, but the loop sums
only the blocks that precede it. The procedures are mutually consistent because
they traverse the same nested blocks in opposite directions. At each membership
level, the candidate interval set has size at most O(n?). If it is sorted or searched
according to the chosen interval order, the cost per level is O(n?logn). Thus,
both algorithms run in
O(n*mlogn), (3)

using constant extra memory apart from the representation of the input or out-
put DEN. This replaces brute-force enumeration over |D1L “'_>Ym| elements, whose
dependence on m is combinatorial.

3 Preliminary empirical evidence

The full execution-time table is more informative than a single example, because
it shows the practical scaling of both routines across one order of magnitude in
the number of membership levels. We evaluated the algorithms in Python using
the interval order ¢-inc. The experiments fixed n = 10, varied m from 100 to 1000,
and used K = 500 uniformly sampled indices per configuration. Correctness was
checked by verifying pos(pos™!(i)) = i in every trial. Table 1 reports the mean
runtime and standard deviation for unranking and ranking, following [1].

Table 1. Average execution time as a function of m for fixed n = 10. Results over
K =500 trials; order=t-inc.

m | unrank ¢, (ms) unrank s,, (ms) rank ¢, (ms) rank s,, (ms)
100 0.870 0.172 0.810 0.173
200 1.713 0.322 1.565 0.310
300 2.660 0.503 2.426 0.481
400 3.554 0.768 3.255 0.742
500 4.486 0.932 4.113 0.888
600 5.392 1.080 4.955 1.049
700 6.253 1.300 5.746 1.263
800 7.207 1.396 6.606 1.349
900 7.924 1.600 7.272 1.553

1000 8.960 1.822 8.205 1.739

The table confirms the expected near-linear growth in m for fixed n, in agree-
ment with the m-dependence predicted by Eq. 3 for fixed n. A linear fit for
m > 400 gives slopes 8.90 x 1072 and 8.15 x 10~ ms per level for unrank-
ing and ranking, with intercepts about 3 x 1072 ms. Thus, for n = 10, the



measured per-level cost is about 89 microseconds. This evidence supports us-
ing the routines inside position-based operators of the form Fr,-v. (A, B) =
1

pos™1(F(pos(A), pos(B))), where repeated rank /unrank calls replace a precom-
puted table of the whole lattice.

4 Conclusions and ongoing work

This work turns the position isomorphism used in recent algebraic constructions
on DFNs into an operational indexing mechanism. The proposed procedures
compute pos and pos~! exactly, avoid storing the whole set DlL“_Wm, and re-
duce the dependence on the number of membership levels to a linear one for fixed
n. This is relevant when position-based implication and aggregation functions
must be evaluated many times. Ongoing work focuses on optimising the imple-
mentation for several interval orders, integrating the routines into position-based
logical operators, and extending the same strategy to discrete Z-numbers, where
value and reliability components introduce a richer two-level ordering problem. A
complementary benchmark will compare against explicit enumeration, including
peak memory, to quantify the practical break-even point.
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