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Abstract. The work summarized in this manuscript has been accepted
for publication in IEEE Transactions on Evolutionary Computation [1].
In combinatorial optimization, the Fourier Transform (FT) on the symmet-
ric group has been used to analyze and optimize permutation-based prob-
lems. However, the difficulties that arise when working within Fourier
space have limited its potential in practical scenarios. To address this is-
sue, rather than using the FT to decompose the objective function, an
alternative possibility is to use the FT as a tool to break down the in-
stance defining the problem at hand. This strategy captures the informa-
tion from each Fourier coefficient as a separate instance of the same prob-
lem, resulting in a potentially more usable setting in the context of op-
timization. So far, the FT-based instance decomposition has been limited
to a small sample of problems characterized by low-order Fourier coeffi-
cients. In this work, we generalize this notion to a much broader class of
problems, known as k-adic Assignment Problems (k-APs). We present a
general framework for the decomposition of k-AP instances and discuss
its practical applications. As a possible use case, we propose an instance
generation method that exploits the FT-based instance decomposition to
create artificial instances with tunable difficulty levels.
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1 Introduction

The Fourier Transform (FT) is a mathematical tool that decomposes functions
into orthogonal components. Originally developed for the real domain, it was
extended to finite groups, including permutations, enabling the decomposi-
tion of objective functions of combinatorial optimization problems. This pro-
vides a common framework for analyzing different problems and has been
used to compare problem characteristics, study fitness landscapes, build sur-
rogate models, and support the design of metaheuristic optimization methods.

For permutation-based problems, however, the Fourier space is often diffi-
cult to interpret. To address this issue, we develop this work focusing on the
broad class of the k-adic assignment problems (k-APs). Given D = [di1,...,ik ]



and H = [hi1,...,ik ] such that i1, . . . , ik ∈ {1, . . . , n}, denoted as distance and flow
tensors, respectively, the k-AP consists of finding the permutation σ ∈ Σn that
minimizes the following objective function:

f(σ) =

n∑
i1=1

. . .

n∑
ik=1

di1,...,ikhσ(i1),...,σ(ik).

We propose decomposing problem instances obtaining a sum of problem in-
stances associated with different Fourier coefficients. We also introduce an in-
stance generation method based on this decomposition, allowing the creation
of artificial instances through linear combinations of Fourier components. Ex-
perimental results show that this framework can be used to generate instances
with controllable difficulty, at least for local search-based algorithms, poten-
tially supporting the development of FT-based optimization strategies.

2 Proposed k-AP instance decomposition strategy

Any instance of the k-AP can be broken down into the sum of a set of instances
of the same problem using the FT of the original objective function3. Each in-
stance in this decomposition encodes information about a single Fourier coef-
ficient. Thus, the FT-based instance decomposition provides an alternative way of
leveraging the information provided by the classical FT while operating within
the instance space of the problem. The proposed strategy does not compute the
Fourier coefficients explicitly.

Considering a fixed k such that k << n, which is the most common situ-
ation in real-world scenarios, the introduced decomposition algorithm runs in
polynomial time on the instance size n.

3 Use case: Instance generation

In general, controlling the properties and difficulty of the generated instances is
not a trivial task, partly because the concept of difficulty may vary depending
on the algorithm. We present an instance generation method for the k-AP built
upon the FT-based instance decomposition. It consists of linearly combining the
sub-instances obtained from the FT-based instance decomposition, by provid-
ing a weight βi to each component, to create artificial instances with tunable
difficulty levels.

4 Experimental analysis

We empirically validate that adjusting the weights βi of the components ob-
tained from the FT-based instance decomposition allows us to create artificial

3 The code for the FT-based instance decomposition is available in https://github.
com/Av-Repos/FT-Instance-Decomposition.

https://github.com/Av-Repos/FT-Instance-Decomposition
https://github.com/Av-Repos/FT-Instance-Decomposition


instances with tunable difficulty levels based on the fitness landscape concept.
The neighborhood function used is the 2-interchange neighborhood. k-AP in-
stances of size n = 10 with k ∈ {2, 3, 4} are generated, considering different
configurations of the weight parameters βi, with 100 instances per problem type
and parameter configuration. For simplicity, just the results for k = 4 are shown
here. The measures used in the analysis are: autocorrelation coefficient, number
of local optima, relative error with respect to the global optima, rank position
of the output solution and distance to the global optima. The local search algo-
rithm is executed 10000 times to obtain average results for the measures.

We visualize the marginal impact of the βi parameters in the instance gen-
eration method by displaying the distribution of the difficulty measures in in-
stances where interactions of each specific order are predominant (see Figure
1). We denote i-order interactions as predominant when their weight in the
generated instances is equal to or higher than the weight of any other order
interactions. The number of local optima seems related to the weight of the
different-order interactions in the generated instances. In particular, instances
with a higher predominant order seem to contain more local optima than those
dominated by lower-order interactions. According to the average relative er-
ror and distance to the global optimum, the quality of the solutions produced
by the algorithm deteriorates as the order of the predominant interactions in-
creases. Additionally, the average rank of the solutions produced by the algo-
rithm generally increases with the order of the predominant interactions.

5 Conclusions

The article [1] presents the first general framework for Fourier-based instance
decomposition in the broad family of k-adic Assignment Problems. The pro-
posed method transforms Fourier information into a representation based on
optimization instances, making spectral analysis significantly more interpretable
and easier to use in practice. It also provides a computationally attractive alter-
native for many applications.

A particularly valuable contribution is the instance generation methodol-
ogy, which enables the creation of benchmark problems with tunable difficulty
levels for, at least, local search-based algorithms. Experimental results show
that manipulating the spectral composition of instances has a clear impact on
landscape characteristics and algorithmic performance. So, it permits to create
diverse benchmarks for the k-AP.
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Fig. 1: Distribution of the measures according to the predominant order in the
4-AP instances.
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