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Abstract. In combinatorial optimization, diverse instances are essen-
tial to build representative benchmarks for algorithm evaluation. Since
many of these problems are NP-hard, worst-case complexity provides lim-
ited insight into practical instance difficulty, making empirical evaluation
across diverse instances necessary. For the linear ordering problem, the
Fourier transform is a useful tool to quantify the weight of the NP-hard
component, offering a structural indicator associated with instance diffi-
culty, not relaying on any particular optimization algorithm.

In this work, we propose a novel instance generation framework for the
LOP based on controlling the number of 3-cycles, which capture mini-
mal inconsistencies that break transitivity, thus influencing structural-
complexity. We analyze the resulting instances using two complementary
indicators: 3-cycle density and the NP-hard component weight. Experi-
ments show that varying the number of 3-cycles yields a broader range
of instances than standard benchmarks, enabling more diverse test sets
for algorithm evaluation.

Keywords: Linear Ordering Problem - Instance Generation - Instance
Difficulty - Instance Complexity.

1 Introduction

Combinatorial optimization comprises a broad class of problems characterized
by discrete decision spaces. Among these, problems belonging to the NP-hard
complexity class occupy a central role, as there is no known deterministic algo-
rithm capable of solving all their instances in polynomial time on the instance
size. This complexity classification characterizes the intrinsic hardness of such
combinatorial optimization problems (COPs) in the worst case. However, the
computational complexity of a COP does not determine the practical difficulty
of solving a particular instance. While NP-hardness guarantees the existence of
hard instances, the difficulty encountered in practice may vary depending on the
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structural properties of the instance at hand and on how algorithms explore the
search space. Thus, instance difficulty is inherently algorithm-dependent [24].

These observations explain the extensive use of both exact and heuristic
approaches in combinatorial optimization and have motivated long-standing re-
search aimed at identifying the features that drive instance difficulty, as such
insight is essential for the design of effective and robust algorithms [23]. This
perspective is further reinforced by the No Free Lunch (NFL) theorems, which
state that no algorithm outperforms all others across all instances[27]. In this
scenario, benchmark instances are commonly used to evaluate algorithms, but
real-world sets are often limited in size and diversity, leading to the use of ar-
tificially generated "challenging" instances[6/16]. In this work, we address this
limitation by proposing a new structure-aware generation procedure for linear
ordering problem (LOP) instances with controlled and distinct structural pat-
terns. These instances complement standard benchmarks such as LOLIB library
[21], enabling a more comprehensive evaluation of algorithmic behavior.

The LOP is a classical COP that, given a square matrix A = [a;;]pxn, consists
of finding the joint permutation of rows and columns that maximizes the sum
of the entries above the main diagonal [4/20022]. Formally, the aim is to find a
permutation o that maximizes the following function:

flo) = Z_: > ool (1)

i=1 j=i+1

where o (k) denotes the row/column of A located in the k-th position, and o € X,
where X, is the set of all permutations of size n.

The interest in the LOP is justified by its long research history, due to both
its theoretical challenges and its practical relevance in diverse fields, such as
archeology [12] and economics [I8]. These applications often give rise to in-
stances with markedly different structural properties, reinforcing the need for
instance-aware analysis. In this line, several works have used different measures
of instance difficulty [3II5/T1622], showing empirically a clear correlation between
these metrics and the difficulty of LOP instances. From a spectral point of view,
recent studies [II2] have introduced the Fourier transform (FT) as a useful tool
to quantify the weight of the NP-hard component of LOP instances, offering
a structural indicator associated with instance difficulty, not relaying on any
particular optimization algorithm.

From a complementary perspective, this paper presents two main contribu-
tions to the structural study of LOP instances, introducing properties that are
expected to influence instance difficulty. First, we introduce the number of cycles
in the graph representation of an instance as a novel variable for characterizing
its structural—complexityﬂ since cycles are minimal structures that break tran-
sitivity and induce inconsistencies. Second, we propose an instance generation

4 Here and throughout the paper, “structural-complexity” refers to the richness of the
structural configuration of the instance, and should not be confused with computa-
tional complexity or instance difficulty.
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method that enables controlled variation of these structural properties. Based
on this, we define two complementary structural-complexity indicators: (i) the
density of 3-cycles, and (ii) the weight of the NP-hard component obtained via
the FT. These indicators define a two-dimensional space in which instances can
be positioned according to their values.

The remainder of the paper is organized as follows. In the next section, we
discuss the notion of difficulty in LOP instances and define the aforementioned
two structural-complexity indicators. Section [3]describes the experimental setup
and the proposed instance generation methodology, and analyzes the resulting in-
stances within the two-dimensional space defined by the structural indicators. We
include an initial set of computational experiments aimed at exploring whether
certain structural configurations may favor particular neighborhood structures.
Finally, some conclusions and outlines directions for future work are presented
in Section @

2 Measuring the Difficulty of an LOP Instance

As previously noted, instance difficulty lies in the structural characteristics of
the instance and in the specific algorithm used to explore the search space. In
this section, we define two structural-complexity indicators for LOP instances.

2.1 Cycles: Structural Sources of Inconsistencies

We first introduced the LOP through the formulation given in Equation ,
commonly referred to as the triangulation problem. However, depending on the
context of the study, the LOP admits several equivalent reformulations [20].
Among these perspectives, the graph-based representation of the LOP proves
particularly intuitive for structural analysis, as it offers a natural way to visualize
pairwise interactions.

Let D = (V, E) be a directed graph (or digraph), where V is a finite set of
vertices and E C V x V is a set of arcs (or directed edges), consisting of ordered
pairs of distinct vertices (¢, ) with 4, j € V. Let w;; denote the weight associated
with the arc (4, ), for all (i,5) € E [§]. The LOP aims to find a linear ordering
of the vertices such that the total weight of the forward arcs, according to the
given ordering, is maximized [20]. That is, the objective is to maximize

Z Wiy, (2)

a(i)<o ()

over all possible linear orderings o € X,,, where o(k) denotes the position of
vertex k in the ordering.

Within this framework, an LOP instance matrix A naturally defines a pair-
wise preference structure on the digraph, where each entry a;; is interpreted as
the weight of the arc (4, 7). Precisely, for any pair of distinct vertices i,j € V,
the direction (4, j) is preferred to (j, 1) if a;; > aj;. In this setting, the preference
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structure can be represented as a tournament (a directed graph in which every
pair of distinct vertices is connected by exactly one arc [8/19]), where the arc
between each pair of vertices (i,7) is oriented according to the corresponding
preferred direction. An illustrative example can be found in Figure

0524
1063
A= 4207
3510
(¢) Induced tourna-
(a) LOP instance matrix (b) Complete digraph ment

Fig.1: (a) LOP instance matrix A; (b) complete weighted digraph given by the
entries a;; in A; (c) tournament induced by preferences a;; > aj;.

A cycle in a directed graph is a directed path that begins and ends at the
same vertex [8]. The preference structure shown in contains several
directed cycles, such as (1,2,3), (2,3,4) and (1,4,2,3). Formally, an ordered
triple (4, j, k) is said to form a directed 3-cycle, or triangle, if

Qij > Qji, Qjk > Ay, and ag; > aik. (3)
Equivalently, we denote this situation by
17, j=k, k=i, or i1 —=j—k—i, (4)

where, for any two vertices 7, j € V, we write ¢ > j or ¢ — j whenever a;; > aj;.
Note that j — k — ¢ — j represents the same triangle as in Equations
and . The presence of a cycle implies a violation of transitivity, a fundamen-
tal property of linear orderings: if an ordering ranks i before j, and j before
k, then it must also rank i before k. Such consistency cannot be achieved in
a cycle since the cyclic structure necessarily produces inconsistent preferences
(see Equation ) Thus, transitivity is equivalent to acyclicity, and vice versa.
Therefore, if an LOP instance matrix induces a cyclic preference structure, which
is almost always the case, no solution can satisfy all preferences simultaneously,
as every feasible solution corresponds to a linear ordering. The problem therefore
consists in selecting an acyclic tournament that minimizes the total weight of
backward arcs, deciding which arcs must violate the preference structure.
Several works have investigated the number of directed cycles of various
lengths and their structural arrangement in graphs and tournaments [I314]. In
particular, Charon and Hudry [5] point out that triangle-based information is
insufficient to explain the computational difficulty of linear ordering instances,
they do not capture all the constraints defining the convex hull of the linear
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ordering polytope. However, instance difficulty arises from global interactions
beyond the constraints induced by triangles. Nevertheless, 3-cycles remain the
minimal algebraic structures that break transitivity and therefore represent the
elementary sources of inconsistency.

From an experimental point of view, this motivates the use of the num-
ber of 3-cycles as a first-order descriptor of instance inconsistency. Although
triangle-based information does not capture the full global structure underlying
computational difficulty, it does completely characterize non-transitivity. Ac-
cordingly, we expect this measure to be associated with instance difficulty. In
this work we adopt 3-cycle density as a natural baseline for quantifying local
inconsistency, with the aim of examining whether increasing minimal violations
of transitivity are associated with higher weights of the NP-hard component.
This choice is not meant to fully characterize instance hardness, but rather to
investigate the contribution of local inconsistency to difficulty.

2.2 Weight of the NP-Hard Component

The Fourier transform (FT) is a tool for decomposing functions into sums of or-
thogonal components. Beyond its classical use for real-valued functions, the FT
has been extended to functions over arbitrary finite groups and applied to de-
compose objective functions in COPs [7l25]. This perspective provides a unified
framework for analyzing different optimization problems through a common set
of mathematical components. In particular, any LOP instance can be decom-
posed into two non-trivial Fourier coefficients, namely fp(nfl’l) and fp(n—Z,l,l)
(see [9] and [II] for further details). As a consequence, the objective function
of a given LOP instance can be split into two subfunctions, each depending ex-
clusively on one of these Fourier coefficients, denoted as f,,_, ,, and f,, .,
obtained via the inverse FT [IJI7]. Moreover, [I0] shows that each subfunction
defines itself an LOP objective function, with fundamentally different computa-
tional properties: one corresponds to a polynomial-time solvable (P) problem,
while the other is associated with an NP-hard optimization problem:

f(O') = fp(nfl,l) (U) + fﬂ(n72,1,1)(0) + fT = fP(U) + fNP(O) + fv

for every o € X,,, where f is the mean objective function value derived from the
trivial representation [IJI7]. From this perspective, instance generation can be
naturally approached by manipulating the relative weight of each component, as
proposed by Elorza et al. in [I0]. Conversely, for a given instance, the contribu-
tion of each component can be recovered through its Fourier decomposition, as
demonstrated by Benavides et al. in [I]. More precisely, these latter authors pre-
sented in [2], for the more general class of k-adic Assignment Problems, a form
of quantification of the weight of each component, by means of the variance. In
the particular case of the LOP, this reduces to

Var(fp) _ Var(fnp)

WP:W, WNP*W, (5)
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where Wp and Wyp denote the relative weight of the P and NP components,
respectively. E|

3 Experimental Study

In this section, we present a structural-controlled instance generation method,
based on inducing a controlled number of 3-cycles in each instance. For every
generated instance, we compute two structural-complexity indicators: (i) the
density of directed 3-cycles in the associated digraph, and (ii) the relative weight
of the NP-hard component of the objective function, obtained via its Fourier de-
composition by the formula presented in Equation (5|). These measures provide
complementary information on structural properties, from graph-theoretical and
spectral perspectives, respectively, that are expected to influence instance dif-
ficulty. We then analyze the distribution of the generated instances within the
two-dimensional space defined by both indicators.

3.1 Instance Generation

In order to generate LOP instances with controllable inconsistencies, we adopt a
constructive procedure based on perturbations of a consistent ordering. Specif-
ically, we start by sampling a uniformly random permutation o of the ver-
tex set V' = {1,...,n}. This permutation defines a consistent instance matrix
A = [aijlijev, where for each i,j € V the preference is set so that a;; > aj; if
and only if vertex i appears before vertex j in 0. By construction, this yields an
acyclic preference tournament structure whose optimal solution coincides with o.
Cycles are then generated by independently flipping pairwise preferences. More
precisely, for each 4,j € V, the values a;; and a;; are exchanged with probabil-
ity @ € [0,1]. Thus, « represents the probability of reversing a given pairwise
preference with respect to the underlying permutation.

The number of 3-cycles induced by values of a@ > 0.5 are equivalent to that
induced by 1—aq, as reversing a majority of pairwise preferences yields a structure
analogous to preserving a minority of them, although the corresponding optimal
solution may differ. Consequently, by symmetry of the structural properties,
we restrict « to the interval [0,0.5] without loss of generality (this symmetry is
illustrated in Figure . It should be borne in mind that o does not represent the
actual density of 3-cycles in the instance. Rather, it acts as a control parameter
that is empirically observed to be strongly correlated with 3-cycle density, as
illustrated in Figure 2 Within the restricted interval [0,0.5], small values of «
produce instances that are close to acyclic, whereas larger values induce a higher
proportion of reversed directions. Accordingly, the density of 3-cycles reaches its
expected maximum at 1/4, since each pair of nodes has two possible orientations,
resulting in eight possible configurations over three nodes of which only two form
a directed 3-cycle.

® The variance can be computed explicitly without evaluating all objective values, by
exploiting the structure of permutations and counting contributions of matrix entries
according to their index configurations.
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Correlation between flip probability a and 3-cycle density

—— Mean 3-cycle density
*1std
~ = Expected maximum density

3-cycle density

0.0 0.2 0.4 0.6 0.8 1.0
Flip probability «

Fig. 2: Average 3-cycle density (blue curve) as a function of the flipping proba-
bility « for instances with n = 100, computed over 50 independent replications
per value of a. Shaded light blue region indicates +1 standard deviation; the
dotted line shows the expected maximum.

3.2 Instance Distribution among the Indicators Space

Using the instance generation procedure described above, we evaluate the dis-
tribution of the resulting instances among the two-dimensional space defined by
previously introduced indicators. To this end, we consider values of a € [0,0.5]
and partition this interval into disjoint regions of width 0.1. For each region,
we generate 1000 instances by sampling « uniformly at random within the cor-
responding interval. For every generated instance, we compute two structural-
complexity indicators: (i) the density of directed 3-cycles in the associated di-
graph, and (ii) the relative weight of the NP-hard component of the objective
function, obtained via its Fourier decomposition by the formula presented in
Equation . We include three different neighborhoods to conduct an initial ex-
ploratory study of whether certain structural configurations may favor specific
neighborhood structures. For this purpose, we apply a best-improvement local
search using three different neighborhood structures: insert, swap and reverse
[22)26]. Each algorithm is run in a multistart setting with 25 independent starts
per instance, and the best solution obtained is retained. To ensure a fair compar-
ison between neighborhoods, all three local search methods are initialized from
the same random starting solution at each multistart iteration.

Figure [3] illustrates the best-performing neighborhoods as a function of the
3-cycle density (x-axis) and the weight of the NP-hard component of the instance
(y-axis), for different sizes of instances (n = 8,20, 100). For each instance size, a
separate set of plots is shown, one for each neighborhood that achieves the best
performance. In each plot, instances for which the corresponding neighborhood
is optimal are highlighted in color, while the remaining instances are shown in
gray, allowing a clear visual identification of the regions associated with each
neighborhood. Additionally, each plot reports the percentage of instances for
which the corresponding neighborhood achieves the best performance.

From the graphical analysis, several conclusions can be drawn. First, the
insert neighborhood clearly outperforms the others overall. Moreover, as the in-
stance size increases, the proportion of instances for which insert is the best
neighborhood also increases, reaching 99.7% for n = 100. At the same time,



8 M. Beristain-Cortés et al.
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Fig. 3: Distribution of instances for which a single neighborhood achieves the
best performance in the indicators space defined by the 3-cycle density (x-axis)
and the NP-hard component weight (y-axis). Colored points highlight instances
with a unique best neighborhood, while the remaining instances are shown in

gray.

the regions where the swap and reverse neighborhoods outperform become in-
creasingly restricted to instances with low 3-cycle density and low NP-hard com-
ponent weight, suggesting that these neighborhoods are primarily effective for
structurally simpler instances. Additionally, a noticeable difference can be ob-
served in the distribution of instances for n = 8 compared to larger sizes, which
is due to the limited number of possible 3-cycles in small instances. It should
also be noted that the percentages of instances shown do not sum to 100%. This
is because ties between neighborhoods are also taken into account, as illustrated
in Figure [d] Nevertheless, similar patterns are observed: for small instance sizes,
tie instances are distributed across the entire space, whereas for larger sizes they
tend to concentrate in the region corresponding to simpler instances.

Common Benchmark Instances

We analyze the location of commonly used benchmark instances within the in-
dicators space by computing the respective indicator values of instances from
the LOLIB library [2I] and on uniformly randomly generated instances (see Fig-
ure |5)). The gray points represent instances of size n = 100 generated in the pre-
vious experiments, used as a reference distribution (although LOLIB instances
have varying sizes, the observed trend appears to gradually approach that of
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Fig. 4: Distribution of tie instances (where multiple neighborhoods achieve equiv-
alent performance) in the indicators space defined by 3-cycle density (x-axis) and
NP-hard component weight (y-axis). Colored points represent instances with
ties, while the remaining instances are shown in gray.

the generated instances of size n = 100 as the problem size increases). Different
colors represent distinct classes of LOLIB and uniformly generated instances.
On the one hand, shows that instances from each LOLIB class
are concentrated in specific regions of the space, which do not align with the
reference curve (in gray) corresponding to generated instances of size n = 100.
In particular, both IO (blue) and SGB (red) instances originate from real-world
data [21]. IO instances, derived from input-output economic matrices, exhibit
strong and consistent structural patterns, which explains their low density of
3-cycles and the relatively small weight of the NP-hard component. In con-
trast, SGB instances display a more irregular structure, often leading to a large
number of ties in the objective function values. These ties give rise to weak or
ambiguous preferences, so that the interpretation of the LOP as an ordering
of consistent preferences becomes less appropriate, and the resulting instances
tend to be more challenging to solve. Conversely, RandB (purple) and RandA2
(green) classes contain randomly generated instances widely used for bench-
marking purposes [20]. RandA2 instances exhibit a relatively structured form
of randomness, leading to low densities of 3-cycles and a small contribution of
the NP-hard component [I]. In fact, according to the structural conditions char-
acterizing polynomial-time solvable LOP instances [10], such instances are nec-
essarily acyclic, which is consistent with the near-transitive nature observed in
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RandA2 (low density of 3-cycles). In contrast, RandB instances display higher
levels of structural inconsistency, resulting in a broader dispersion across the
space. On the other hand, instances of size n = 100 generated uniformly at
random ([Figure 5(b)[) occupy a region corresponding to high 3-cycle density,
closely following the reference curve, as expected under a uniform distribution
of 3-cycles. These observations highlight the main contribution of our approach:
the proposed structural-controlled instance generation method produces many
instances located in previously underrepresented regions of the space, thereby
providing a richer and more diverse benchmark set.

° ° ° ° e
0 S S > °

NP-hard component weight

°
°

Distribution of LOLIB instances

=100 (reference) —

« Rands
. 10
© RandA2

sGB

0.10 0.15 0.20
Density of 3-cycles

(a)

NP-hard component weight

°

°
S

°
[

°

°

°
°

Distribution of unif. randomly generated instances

n=100 (reference)
= Unif. random

0.00 0.05 0.20 0.25

0.10 0.15
Density of 3-cycles

(b)

Fig.5: Distribution of common benchmark instances in the space defined by
the 3-cycle density (x-axis) and the NP-hard component weight (y-axis). Gray
points correspond to the reference generated instances distribution (n = 100),
while colored points represent (a) instances from the LOLIB library and (b)
n = 100 size uniformly randomly generated instances.

4 Conclusions and Future Work

In this paper, we propose a novel instance generation method for the LOP that
enables the creation of instances with controlled number of 3-cycles. Together
with the NP-hard component weight derived from the Fourier transform, these
features define a two-dimensional structural-complexity space. We analyzed both
generated and benchmark instances, as well as the performance of several neigh-
borhoods. Results show that the insert neighborhood generally dominates, lim-
iting the clear algorithm-instance associations. Nevertheless, the main contri-
bution lies in demonstrating that structural-complexity can be effectively con-
trolled. The proposed generation method produces instances spanning diverse
and previously underrepresented regions, enhancing benchmark diversity. Future
work will explore additional structural features and develop a comprehensive dif-
ficulty profile combining structural and algorithm-dependent aspects.
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